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In this paper we discuss the evolution of domain walls generated in the early Universe consider-
ing, unlike the previous studies, an interaction between the walls and a major gaseous component of
the dark matter. It is assumed that the walls can reflect the particles elastically and with a reAection
coe%cient of unity. We discuss a toy Lagrangian that could give rise to such a phenomenon. In the
simple model studied we obtain highly nonrelativistic and slowly varying speeds for the domain
walls [ —10 '(1+z) '] and negligible distortions of the microwave background. In addition, these
topological defects may provide a mechanism of forming the large-scale structure of the Universe,
by creating fluctuations in the dark matter 5p jp-1 on a scale comparable to the distance the walls
move from the formation (in our model this distance could be even tens of Mpc). The characteristic
scale of the wall separation can be easily chosen to be of the order of 100 Mpc instead of being re-
stricted to the horizon scale, as usually obtained.

I. INTRODUCTION

The cosmological consequences of primordial phase
transitions associated with scalar fields have been the sub-
ject of many studies in recent years. The topological de-
fects created in the transitions, such as domain walls,
strings, and monopoles, are potentially of great interest
for cosmology, since they could supply seeds for the for-
mation of the large-scale structure of the Universe.
Specifically, domain walls are sheetlike regions of a false
vacuum in between domains having different and discon-
nected vacuum ground states of the scalar field. The sim-
plest and most studied model involves a real scalar field
with a quartic potential and a negative sign for the mass
term. After the phase transition the field rolls down to
one of the two zero-temperature minima for the poten-
tial. This leaves a domain structure on scales bigger than
the correlation length of the field, resembling closely
what happens in an Ising model. When originally intro-
duced, the phase transitions considered were on the
grand-unified-theory (GUT) scale. The trouble is that
domain walls on the GUT scale rapidly become the dom-
inant form of matter in the Universe and produce overly
big distortions in the present microwave background.

Recently, interest in domain walls has been raised
again considering late phase transitions (at z —100) that
would generate so-called "soft" domain walls. These
walls may never be massive enough to distort the mi-
crowave background, but they may, a priori, be a dom-
inant gravitational component of the present Universe,
triggering the formation of galaxies and changing the ex-
pansion rate. These possibilities have been excluded by a
numerical study of the evolution of the field itself
through the phase transition and afterwards, as the walls
appear and evolve by their surface tension. The domain
walls soon reach relativistic speeds, and the average scale

of the system becomes comparable to the horizon scale,
making these walls unusable for the formation of the
large-scale structures we see. ' Very similar results have
been obtained by considering directly the evolution of
the walls after the phase transition. In that calculation
the approximation taken is that the wall thickness is
much smaller than the radius of curvature of the wall
surface.

The problems mentioned arise because of the lack of
energy dissipation in the models considered; the mass en-
ergy stored in the walls gets efhciently converted into
their kinetic energy, rapidly raising them to relativistic
speeds. We therefore consider the effect of introducing in
the equation of motion of the walls a friction term that is
a function of the wall speed relative to the background
matter and its density. The idea of studying the conse-
quences of friction on domain walls can be traced back to
Refs. 1, 8, and 9, but it was never fully developed because
it was introduced in the context of GUT scale phase tran-
sitions, in which case including friction would even wor-
sen the problems pointed out previously. In this paper
we will consider much-lower-energy scales, of the same
order as those obtained in Ref. 3. It will be shown that
indeed there exists an interesting range of the wall energy
density for which the average "interwall" distance is of
the order of 100 Mpc today, and that these domain walls
are compatible with the limits on the anisotropy of the
microwave background.

The paper is organized in the following way. In Sec. II
we derive the equation of motion of an element of a
domain wall without any friction term other than the
usual one due to the universal expansion; in Sec. III we
concentrate our attention on the friction pressure arising
when walls move through a homogeneous gas rejecting
all incident particles elastically; in Sec. IV we introduce
the results of Sec. III into the equation of motion previ-
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ously calculated; in Sec. V we discuss what kind of parti-
cle Lagrangian may lead to the premises of this paper and
the consequences of our model on the microwave back-groundd.

Throughout the paper we will assume, for simplicity,
that the Universe is at critical density. Most of our re-
sults are independent of this assumption.

In this way from Eq. (1) we get
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II. EQUATION OF MOTION
IN THE ABSENCE OF FRICTION

In order to approach the problem, we will assume, first
of all, that we are dealing with domain walls late enough
after the phase transition so that the thin-wall approxi-
mation can be considered roughly valid. We are there-
fore interested in the motion of sharp interfaces under
their surface tension. The shape of the network, which is
related to the details of the model chosen, will turn out to
be unimportant in the discussion. The important as-
sumption made here is that we are dealing with a class of
models with two or more degenerate values for the vacu-
um ground state, so that the driving force of the motion
of the walls is only their surface tension. Throughout the
following calculations we will assume that these kinks are
moving nonrelativistically. This will turn out to be a sen-
sible choice in the framework of the scenario we present
in this paper (see Sec. IV).

Many approaches may be considered to get the local
equation of motion of the walls; the most direct of these
is just to start with the well-known equation of motion
for real scalar fields. '

~ d 1 2 BVN+3 —N — V N=-
a2

where a is the scale factor, given by a =t if II= 1 (we
express t in 2HO '/3 units, Ho being the present value of
Hubble constant; a= 1 today). Equation (1) is expressed
in comoving coordinates and universal time. After the
phase transition there are regions of different vacua
separated by kinks [which are classical solutions of Eq.
(1)].

In general, we can define the two-dimensional (2D)
space on which BV/8@=0 as the surface of a kink. At
each point of the surface, we can choose a coordinate sys-
tem such that x is the normal axis. If the curvature of
the surface is much smaller than the inverse of the wall
thickness 6 ', we can locally characterize the kink by a
function 4&(a[x r(t)]) of the x coord—inate only, where
r(t) describes the motion of the kink surface along the
normal axis. The function 4& can be inserted in Eq. (1) to
find the differential equation obeyed by r(t) at any given
surface point. The calculation is easily performed when
we recall that

a2
+(V x)

Bx

where x is the unit vector perpendicular to the kink sur-
face. The divergence V.x is the curvature scalar at the
point considered, and we can define"

V-x=2/r .

where N' and N" are derivatives with respect to the
whole argument of N.

Evaluating Eq. (2) at x =r (t) (i.e., at the kink surface),
we see that N' becomes very big when 6~0 (4&'-b, '),
while the @" term is very small (it would be exactly
N" =0 if the wall were straight). In the thin-wall approx-
imation we therefore get to the final expression

r'+ 5—r' =—
a
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III. FRICTION TERM

We now calculate the pressure exerted on the walls
moving with speed U «1 through some homogeneous
medium interacting with it. We are going to study only
the case in which the medium remains homogeneous
throughout all the period of evolution considered. This
can be considered valid, for example, if perfectly
rejecting walls move so little that they are not able to
reshuffle the bulk of the matter, i.e., if they move a small
fraction of the distance between each other, so that no
particle interacts with two difterent walls in a cosmologi-
cal time (see also the discussion in Sec. IV). In all the fol-
lowing we are restricting ourself to this simple case.

We begin by writing down the general expression for
the friction force acting on the domain walls as they
move nonrelativistically through a homogeneous gas. In
the following derivation we will assume that each particle
couples only with the walls. We will also assume that the
walls reAect elastically all the incident particles, regard-
less of their energy at the impact. This condition could
be relaxed, as we will discuss at the end of this section.

For a nonrelativistic gas we can write that the pressure
exerted by the gas on the wall is given by (see Appendix
A)

where r/2 is the inverse of the curvature scalar at the
chosen point of the wall network.

This expression can be rewritten in physical coordi-
nates, defining R—:ar and v

—=ai", where U is the peculiar
velocity of the walls with respect to the comoving frame.
We therefore finally get to

a 1 2U+4 —
U = ———

a a R

If there were no universal expansion (set a= 1 con-
stant), then Eq. (4) would be simply U = —2/R. Defining
o. as the mass-energy density of the walls, then
P~ =2o. /R would be the pressure due to the surface ten-
sion, exactly the same form that one obtains in condensed
matter. This also reminds us that Eq. (4) is just Newton's
second law divided by o..
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Pf = —2mn f B (y —y ) f(~y ~)dy„

+2mn f 8 (y —y, ) f(~y„~)dy (7)

where B:—m/T, y =B u, andy =B u .
Let us consider the limits in which y ((1 and y ))1.

In the former case the thermal speed of the particles is
much greater than the speed of the domain wall, since the
average thermal momentum of the particles is p —T; in
the latter case the wall is moving through particles
effectively at rest and the volume spanned remains deplet-
ed of the gas. The case y )) 1 will turn out to be the most
interesting in our present discussion.

For y &(1 changing the variables inside the integrals
(y &

=y —y ) and expanding f ( ~y ~ ) in power series
around y&, we get

Pf = —4mnB y y)
'

y) dy)

If we assume neutrinos of mass m —10 eV and Td —1

MeV, we get u(z) —10 at z=0. This result will turn
out to be useful in the following discussion.

In closing this section we return briefly to our initial
assumptions. Although we are interested here in study-
ing the consequences of a reflection coefficien close to
unity, there could be cases in which one has to deal with
an energy-dependent partial transmission of the incident
particles through the walls. This would lead to a class of
solutions in which the walls may decouple from the
matter after a certain stage, when their speed with
respect to the matter becomes bigger than a critical
value. These possibilities are at present under investiga-
tion and go beyond the goals of this paper.

IV. DOMAIN WALLS
AND FRICTION: A SIMPLE CASE

=2nvp (10)

so that Pf -vT, which is the limit discussed in the re-
view.

We can also give an evaluation of the average thermal
speed of the particles interacting with the walls, e.g. , for
light neutrinos and for gas following the Boltzmann dis-
tribution, supposing that the particles decouple at a cer-
tain zz (note that throughout the paper, z + 1 =a ').
The momentum of the particles shifts with the expansion
of the Universe so that p&/) mv(z)=(z&+1)/(z+1),
where y '=(1—u )', if at decoupling Tz ))m, then
p&

—T&, if Tz «m, then muz —Tz, so that p&
—(mT)'

Assuming the particles to be nonrelativistic today, we get

and

Tdv(z)-
' 1/2

z+1
Td «mzd+1'

u(z)—
Td z+1

Td ))m .
m zd+1 (12)

=4mn (T/m) uF,

where F=——J 0 y & f '(y& )dy
&

is a constant of order unity.
For y )) 1 instead we obtain

Pf =2mnu

since f (y )
—0 for y„) ) 1, and therefore we can substi-

tute (y
—y ) by y in the integrals. Such a result is not

surprising if we can recall that in this case the momen-
tum exchange per particle is Ap =2mv and that the nurn-
ber of particles hitting the unit area per unit time is nv.

The case in which the gas is relativistic is even easier,
since the number of particles hitting the wall per unit
time is simply given by n (c= 1) on both sides of the sur-
face. Taking u &(1, we get

Pf =n p„1+v p dp
0

f p (1 u)f(ip i)dp

The main conclusion of Sec. III is that, if the matter in-
teracting with the walls is nonrelativistic, there are two
different regimes for the friction pressure Pf, depending
on the value of y=(m/T) v —v/ur (where ur is the
average thermal speed of the particles). Certainly, one
can consider a particle mass large enough so that the evo-
lution of the network takes place in the y )) 1 regime. In
fact, we will see shortly that this statement is valid for
any reasonable dark-matter candidate, including light
neutrinos.

We therefore start our analysis by introducing the fric-
tion term for y )) 1 [Eq. (7)j into the equation of motion
[Eq. (4)I. ' We define p

—=mn so that p =p o/a,
where p 0 is the mass density of the matter interacting
with the walls today. The equation of motion in the pres-
ence of the friction is

v+4 —v+a u

a Ka
1 2

a R
(13)

Equation (12) is valid as long as the medium is homo-
geneous up to the passage of the kinks and the speed of
the walls is far bigger than the thermal motion of the gas.

One of the assumptions of the model here presented is
that, throughout their evolution, the walls move little
compared to inter wall distance. This ensures that
domain walls always sweep through a homogeneous and
thermalized gas, a condition at the basis of the calcula-
tions of Sec. III. We can rephrase this requirement by
saying that, up to corrections, the network conformally
stretches with the universal expansion.

However, it is very important to determine the small
average displacement d of the network from the very ini-

where K =o./2p 0 and the constant o. is the energy den-
sity of the walls. If the friction dominates the motion,
then 0 «u /Ka and 2a/a «u/Ka, and we can
neglect these terms. At the end of the section, we will
show that, given the cosmological parameters character-
izing the model, these conditions are always satisfied. We
therefore remain with the important result

2 2%a
v

R
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tial configuration (due to the peculiar motion of the
kinks), since the volume swept by the domain walls
remains depleted of dark matter. This depletion
represents a very strong density fluctuation on scales pos-
sibly of the order of Mpc or tens of Mpc, and could
trigger the formation of galactic structures in close con-
nection with the presence of the walls.

For our present analysis it is sufricient to deal with the
average characteristics of the system. We therefore aver-
age the quantities present in Eq. (12) over the network
surface S contained in a volume V much greater than its
typical radius of curvature. Defining R as a point-by-
point average of the distance of two neighboring walls in-
tegrated over the surface S, we get

121J2
where p is a constant close to unity, ' so that we finally
write

(
2)1/2

1/2
Ka

1/2

a,
PRO

(16)

where K=u/2p 0 and Ro-R/a, with Rp being the
average interwall distance today. It is interesting to note
that the average comoving speed v/a remains roughly a
constant throughout the evolution of the network.

Our goal would be to determine o. given Rp and d. Be-
fore doing that we should slightly modify Eq. (14), taking
into account the following correction. The friction term
we utilize in Eq. (11) is based on the assumption that only
one reAection occurs to each particle, but actually the
particles interact several times with the same wall. This
is just a consequence of the kinematic rules of the ex-
panding Universe. We give the details of this correction
in Appendix B. The result expressed in Eq. (14) does not
change in form, but we have to substitute K by K/6, so
that we get to the final result

' 1/2

12/3p OR ()

a . (17)

To proceed we now need an estimate of K. If we asso-
ciate the walls with the peaks of the distribution of galax-
ies observed in the survey, which suggests that the
domain walls may be related to the very-large-scale clus-
tering process, then the scale of our network today is

Ro —120h ' Mpc. Since the average distance traveled

by the walls of d =U (the present age of the Universe is
to= 1 if 0=1), we obtain K/6= /o12p o=6p10 d;
this can also be written as

Q 0

0

—12Pd (18)

with Q„o/0 o- o. /poR 0 [or o. —1.2h/3(d /20h
Mpc) (Ro/120h ' Mpc)MeV ] by geometry. Assuming
0 o= 1, this would yield Q„O-1.2P10 (d /20h
Mpc) . Equation (16) shows that in a friction-dominated
model the domain walls never get to dominate the energy
density of the Universe. Note that the fraction of dark

matter swept by the domain walls during their evolution
is only -d/Rp.

We can easily derive

v —10
d

a
20h 'Mpc

(19)

2 u pmOR 0
u =——«12

3 0 Rpt

10 u

, ~U»4X10 pt,—6

6/310 ' (20)

a 1.5 + 10~u2
4—p « ' ~U))1.6X10 'pt .

a pt 2
(21)

As previously anticipated, at any time considered we
meet the conditions for friction-dominated motion.

V. DISCUSSION

We have shown that, if domain walls formed during
some late phase transition can reAect perfectly the parti-
cles of gas of a component of the dark matter, then the
domain-wall network is bound to expand with the scale
factor, provided that 0 o/0 o

& 1.2p10 (d /20h ') .
The coupling between the scalar field N and the particles
in question (called the associated field 4) may assume the
very simple form of a mass term dependent on the spatial
coordinates. For the sake of discussion, take %' to be
fermions. A toy Lagrangian for the field associated
with the 4 particle could be written as X(g)
=VP%+[m +f(@)]%% [a Lagrangian of this form is
obtained, for example, in Ref. 3, where f(N) is a real
function of the field N that gives the domain structure
and is assumed to get higher values within the kinks rath-

which says that our initial assumption u (&1 is satisfied
by a big margin.

At this point one could note that the conditiony:—mv/T))1, while amply satisfied today, may not be
valid as well during all the past evolution of the network.
To see this just take, for example, the estimate of the
average particle speed in the case of light (m —10 eV)
neutrinos, made in Sec. III. The wall speed, as expressed
in Eq. (17), is valid independently of the particle mass, as
long as y ))1. Comparing Eq. (17) with Eq.(10), one can
easily see that y & 1 at z ) 30, for I ~ 10 eV neutrinos.
The heavier the particles are, the higher this limiting z
value. When y(1 one can introduce the friction term
given by Eq. (5) (P/ —uT ) in the equation of motion and
then follow the same arguments used at the beginning of
this section. This correction to the first phase of the ex-
pansion would anyway leave unaltered the discussion of
Eqs. (12)—(17), since most of the evolution of the network
takes place at z& 5. We therefore see the validity of our
choice of the friction term made earlier.

Let us consider our self-consistency check, going back
to our original Eq. (11). We know that in a universe with
critical density, 0, 0=1 and a=t, so that v/u=2/3t
at each point of the network; we therefore get
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er than outside]. Because of the presence of the kinks,
the mass of the particles changes when they get close to
the soliton. In the nonrelativistic case this situation is
equivalent to obtaining a Schrodinger equation for free
particles with a potential V=f(N(R) ). We can say that
V(R) is a perfect barrier if the reflection coefficient on
both sides of the kink is unity.

Now we turn to consider a possible estimate of the wall
thickness, which has been, up to this point, a free param-
eter. If the domain walls maintain their position from the
formation (in the comoving coordinate system), we
are actually bound to consider second-order phase transi-
tions taking place at a zf not bigger than

zf =Ro/RH(zf ) =ROI3tf =2 X 10 zf ~zf 2500 (RH
is the horizon scale at zf) due to simple causality con-
siderations. As a consequence, there is a lower bound to
the thickness 6 of the domain walls; since the interwall
distance is Rf-6-R ozf

' at formation, 5 ~ 3.5 X 10
in our units, which is 5 ~ 7 X 10 h Mpc. ' Such a
distance is far greater than the wavelength usually associ-
ated to any dark-matter-particle candidate (even for neu-
trinos A, ,i,„,&(10 eV ' at any z). We infer that V(r)
can be considered a classical barrier of height E „such
that for E (E „the reAection coefficient is unity and for
E)E „it is zero. In this paper we only consider the
case E

A couple of issues still remain to be solved. The walls
carry a gravitational field that shifts the frequency of the
microwave-background radiation of a slight amount
when this passes through the potential. Such a problem
has been treated in Refs. 3 and 15.

The infinitesimal shift of the average photon energy T
while the photon is moving for a time dt through the
gravitational inhuence of a wall is given by
dT-5T+ T6V, where V is the gravitational potential of
the wall. V is roughly given by V- Go R at a distance R
from the kink surface, within a cutoff value -R /2; R is
the average interwall distance in physical coordinates at
the time considered. ' The value of V varies in time
due to the evolution of the network, so that
5V=(BV/dt)5t +VV 6R (where ~5R~ =5t). We want to
calculate the total shift in the temperature of the photons
as they pass through the gravitational potential of a sin-

gle wall, i.e., within the cutoff distance of V. If we take

roughly BV/Bt —GcrR in a region of order R in size (this
is clearly an overestimate), when we integrate the above
expression for dT to find the total shift of the tempera-
ture, we get a term 5T/T=cxGoR /t in addition to the
usual term due to the expansion; u is a fudge factor of or-
der unity, and t is the age of the Universe at the epoch
considered. The biggest distortion can be reached at the
present epoch: 6T/T-10

Another effect may be considered. The fluctuation in
the matter density due to the sweeping action of the wall
gives rise to a gravitational inhuence limited to the region
of thickness d in which 5p /p WO. The minimum value
of the gravitational potential just due to this distribution
of matter is V —Gp d . Using the same arguments as
above, we can calculate the distortion due to the matter
in 5TIT~ -I3Gp Od It (P is fudge factor of order uni-

ty). Again, the biggest 6T/T is reached today:
6T/T-10 (d/20h ' Mpc).

All other effects, including gravitational distortion
at the last photon scattering surface (if
zf 1000~6TITlLss GoRoaLss, with aLss —10 )

and effects originating at the phase transition, are com-
paratively much smaller.

All the values obtained above refer to the distortion
originating from a single wall. Even supposing that the
phase transition takes place before the photon decou-
pling, there are only X-R~/Ro —3/6X10 =50 walls
between us and the last surface of scattering. An evalua-
tion of the 5TIT~ due to the matter swept from the
walls, which is the biggest distortion, can be obtained
multiplying the single-wall distortion by &X and gives
6TIT~ —10 . For the effects directly related to the
domain walls, our values of 6T/T are, for the same o.,
one order of magnitude lower than that calculated in the
previous papers, 6T/T —10aGo.R /t —10; this
derives from an interwall separation one order of magni-
tude smaller. '

The gravitational interaction of the domain walls with
matter is secondary with respect to the sweeping action
above described. Taking, for the sake of discussion, the
favorable case of one straight infinite wall within the hor-
izon, the peculiar speed gained by the particles due to the
gravitational field of the kink would be, after a cosmolog-
ical time, ' only of the order v -2~Go. t —10 " —30
km/s. A complicated network within the horizon scale
would certainly give rise to smaller peculiar velocities,
due the competing gravitational action of different wall
segments. We infer the gravitational effects due to the
domain walls themselves are of minor importance, and
that the sweeping action onto the dark matter must be
done to some Lagrangian term of the kind introduced
above.

The self-gravitational effects of the wakes, instead, are
important (due to the large density contrast) and should
be carefully examined in future simulations that include
the baryon component. To first approximation one ex-
pects these effects to be confined to the wakes and to the
depleted region behind the walls, if d &&R.

In concluding the discussion we point out that one can
also consider late first-order phase transitions in order to
achieve our big values for the average interwaH distance,
even while starting with a much smaller comoving corre-
lation length at the critical temperature. In this way one
can remove the lower bound on 6 obtained in this sec-
tion. Such an analysis is left for future investigation.

VI. CONCLUSION

This offers a framework for future work. We have
made the following assumptions: A network of domain
walls is established in the primordial Universe through a
second-order phase transition; the walls interact with an
important gaseous component of the present energy den-
sity of the Universe, reAecting elastically all incoming
particles regardless of their kinetic energy; the
configuration is bound to expand with the background
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comoving coordinates (up to higher-order corrections).
We reach the following conclusions.
(i) There is a wide range of values for cr, the surface

density of the domain walls, such that Ro, the average in-
terwall distance today, is of the order of the large-scale
structure observed for the galaxies.

(ii) The mechanism that generates the fluctuations in
the distribution of the dark matter could be related also
to the particle Lagrangian, and not just gravitational.

(iii) This suggests that the large-scale structure could
indeed form in intimate connection with the presence of
the domain walls, although studying the evolution of the
Auctuations and the details of the long-distance gravita-
tional effects obtained (see the discussion on the great at-
tractor in Ref. 15) goes beyond the present work.

(iv) Domain walls never come to dominate the energy
density of the Universe.

(v) Walls with o of MeV order and such a small in-
terwall separation (Ro —100 Mpc) are not able to distort
the microwave background. Also, the effects related to
the matter-density Auctuations are small.

Some of the assumptions made to obtain our results
may be relaxed, giving rise to the different scenarios we
mentioned earlier. Particularly intriguing is the possibili-
ty of the wall decoupling mentioned in Sec. III domain
walls may give rise to a spectrum of density perturba-
tions, and at some point decouple and start growing in
the way described in the previous work. " This paper
represents just a first attempt to approach the late phase-
transition issue from an angle that could solve some of
the problems other investigations have found, and it is
meant to stimulate interest in such nonstandard
scenarios.
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APPENDIX A

Consider an infinite wall moving along the x axis of a
chosen coordinate system, with speed v) 0. At one side
of the wall, particles with speed v get reAected, gaining
momentum hp =2m ( u —v, ) (particles with u & v will
not interact with the wall). The momentum distribution
of the particles is defined on a (3+3)-dimensional phase
space; nevertheless, we are interested in the statis-
tical distribution of the momenta only in the x direction,
and we therefore integrate out all other degrees of free-
dom. In this way we can write, in a very general way, a
statistical distribution f((m IT)

~
u

~
) defined so that

f (B
~
v

~
)dv = 1 (where B:—m /T). ' The

coefficient o. depends on the actual original distribution
we are considering. For a Boltzmann distribution, a= —,',

where y =8 v and y =B v . The first integral refers to
particles having speed v„) v )0 and hitting the wall from
the back, while the second refers to particles hitting the
wall from the front.

We now derive, as an example, the form that f (B u)

assumes in the case of light neutrinos (m «1 MeV). We
start with the statistical distribution of neutrinos in
thermal equilibrium:

d pn= T& Td (Al)
(2ir) exp[(p +m )' /T]+1

and

d
n ——

(2ir) exp[(p /T + m ITd )' ]+ 1
(A2)

where T—:Tda /ad, ' since m /Td « 1, we get

(2~)3 exp(p/T)+ 1
(A3)

at all times.
The probability of finding a particle in an interval p,

p +dp„, of the x component of the momentum is then

g co 2&pydpg
g(p )=

2 &nn (2ir) o exp[(p„+pz)' /T]+1
where p~ is any component of the momentum perpendic-
ular to p . Changing variables, we get

1 y idyl

3g(3) 0 exp[(y +yi)'~ ]+1
(A5)

which is an implicit function ofy:—mv, /7' (ye =pi/'1).
A similar calculation can be performed for a Boltzmann
distribution.

APPENDIX B

In this appendix we correct the friction term expressed
by Eq. (7) (y »1). Here we take into account that parti-
cles undergo multiple scatterings from the surface of each
wall.

In dealing with this problem, we find it useful to use
comoving coordinates, since the comoving speed of the
walls turns out to be constant. In comoving coordinates
the speed of a free particle is r' -a . In the case y ))1,
after being rejected, particles have a speed double than
that of the wall, but since r' increases due to the univer-
sal expansion, soon they get scattered again. A priori this

while for light neutrinos (m «1 MeV), a= 1.
There are dX =B n ( u —v, )f (B

~ v„~ )dv, interactions
per each second and per unit area with momentum ex-
change bp (n is the number density of the particles). On
the other side of the wall, 6 has opposite sign, so that we
can write that the pressure exerted by the gas on the wall
is given by

Pf= —2mn J B (y —y ) f( y„~)dy

+2mn B y —y y dy
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fact could modify the form of the law of motion of the
walls, but this is not the case, as we will see in a moment.
Let us give a numerical estimate. Consider a wall moving
at constant comoving speed io. At a certain time t,- a
particle at rest is reflected and its speed is henceforth
given by i (t)=2io(t, /t) (since a=t / if f1= lj. The
maximum corno ving distance x „ from the wall is
reached at the time t „,when the wall and particle have
equal speed. This yields

i~(t „)=i o~t,„=1.7t, ~x „=0.2it, „=0.2i.a

which is roughly as far as any scattered particle can get

from the kink.
All the matter in the volume swept by the wall from its

formation is contained within a distance x „in front of
the kink, while the total distance traveled by the wall is
Ar-rt „=ia . Since Ar/x „=const, we take the
density of the matter in front of the wall to be roughly
constant; in this way we get pf„„,-6p at any time. This
means that the initial assumption of constant comoving
speed is, at least approximately, self-consistent, substitut-
ing K by K/6. A more accurate calculation would re-
quire a numerical simulation that also takes gravitational
effects into account.
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